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Abstract 

The purpose of this paper is to calculate the support of the multi- 
plier ideal sheaves derived from the Kahler-Ricci flow on certain toric 
Fano manifolds with large symmetry. The early idea of this paper has 
already been in Appendix of [11] . 

1 Introduction 

In [11], Futaki and the author investigated the relationship between the 
multiplier ideal subvariety derived from the continuity method on toric Fano 
manifolds and Futaki invariant, and calculated the multiplier ideal subvariety 
on a simple example. On the other hand, the relationship between the 
multiplier ideal sheaves and the Kahler-Ricci flow has recently been studied. 
The first work on this topic is given by Phong-Sesum-Sturm [20]. They 
give a sufficient and necessary condition for the convergence of the Kahler- 
Ricci flow in the terms of the multiplier ideal sheaves. After ^20j Rubinstein 
|22j proves that the Kahler-Ricci flow will induce a multiplier ideal sheaf 
satisfying the same properties as Nadel's multiplier ideal sheaves derived 
from the continuity method. The purpose of this paper is to calculate the 
multiplier ideal subvarieties from the Kahler-Ricci flow in the sense of |22] 
on certain toric Fano manifolds with large symmetry. Our method owes 
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largely to the result about the convergence of the Kahler-Ricci flow proved 
by Tian-Zhu [30]. More precisely, they proved that if X admits a Kahler- 
Ricci soliton then the Kahler-Ricci flow will converge to it in the sense of 
Cheeger-Gromov, so we shall calculate the multiplier ideal subvarieties from 
the data of Kahler-Ricci solitons in the case of toric Fano manifolds with 
large symmetry. The early idea of this paper has already been in Appendix 

of [n]. 

First of all, let us recall about the Kahler-Ricci flow on Fano manifolds. 
Let {X,ijo) be a Fano manifold with a Kahler form representing ci{X). 
The normalized Kahler-Ricci flow on X is defined by 

^ivt = -Ric(a;t) + ut (1) 

where t £ M>o, Ric(a;j) is the Ricci form of ujt and ujq = uj £ ci{X). Since 
the flow ([1]) preserves the Kahler class, we can consider the corresponding 
equation to ([1]) with respect to Kahler potentials 

^0 = Co 

where cjt = (Jq + ^^^^dd(pt, cq is a constant and /iq is a real- valued function 
determined by 

Ric(a;o) - c^o = ^95/10, / e'^^u;^ = [ cu^. (3) 

^TT Jx Jx 

The existence of the solution of ([2]) for all t > is proved by Cao [3] by 
following Yau's argument in [32j. If the Kahler-Ricci flow converges in C°°- 
sense, the limit is a Kahler-Einstein metric. However, since there are some 
obstructions for the existence of Kahler-Einstein metrics on Fano manifolds 
( [TJ] , [To] , [28] ) , the Kahler-Ricci flow does not necessarily converge on Fano 
manifolds. On the other hand, it has been conjectured that the existence of 
canonical Kahler metrics including Kahler-Einstein metrics would be equiva- 
lent to certain stability of manifolds in the sense of Geometric Invariant The- 
ory (cf. [28j . [8]). This conjecture is an analogue of the Hitchin-Kobayashi 
correspondence between holomorphic Hermitian-Einstein vector bundles and 
slope polystable vector bundles. So we expect that the convergence con- 
dition of the Kahler-Ricci flow would be described in terms of GIT. To 
be more concrete, if X does not admit Kahler-Einstein metrics, we expect 
that the Kahler-Ricci flow would induce an obstruction to the existence of 
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Kahler-Einstein metrics corresponding to the destabilizing subsheaves in the 
Hitchin-Kobayashi correspondence for vector bundles. In the case of Kahler- 
Einstein metrics on Fano manifolds, a candidate for such obstruction sheaves 
is the so-called "multiplier ideal sheaf introduced by Nadel in [15j. Nadel 
proved that if X does not admit Kahler-Einstein metrics, then the failure of 
the closedness condition for the continuity method induces a multiplier ideal 
sheaf. (This fact can be extended in the cases of other canonical Kahler 
metrics such as Kahler- Ricci solitons [TT] and Kahler-Einstein metrics in the 
sense of Mabuchi [23].) The analogous result for the Kahler- Ricci flow was 
proved recently by Rubinstein [22j. To explain the result of [22], first let 
us recall the definition of multiplier ideal sheaves. In this paper, we adopt 
the formulation introduced by Demailly-Kollar in [7j. Let ip be an almost 
plurisubharmonic function on X, i.e., if) is written locally as a sum of a 
plurisubharmonic function and a smooth function. For ip, we define a mul- 
tiplier ideal sheaf X(V') C Ox as follows; for every open subset U <Z X, the 
space r(C/,X(V')) of local sections of T(V') over U is given by 

T{Ua{i^))={f eOx{U)\ [ |/|V^di/<oo}, 

Ju 

where / is a holomorphic function on U and diy is a fixed volume form on 
X. Note that X(^) is a coherent ideal sheaf (cf.|7j) and invariant up to 
an additive constant. Multiplier ideal sheaves describe the singularities of 
almost plurisubharmonic functions. The result of [22] is as follows. 

Theorem 1.1 (|22j). Let {X,uj) be an n- dimensional Fano manifold with 
a Kahler form uj in ci{X), and G C Aut{X) he a compact subgroup of the 
group Aut{X) of holomorphic automorphisms of X. Let 7 G {n/{n + 1), 1). 
Suppose that X does not admit Kahler-Einstein metrics. Then there is an 
initial condition cq in ^ and a sequence {<ftj}j>o such that ipt^ — sup 994^. 
converges to an almost plurisubharmonic function ipoo in L^ -topology and 
the associated multiplier ideal sheaf I{'y(poo) is G'^ -invariant and proper, 
i.e., T(7(^oo) equals neither to nor Ox, where G'^ is the complexification 
ofG. 

Remark that in [22] the multiplier ideal sheaf is constructed from the 
sequence of {vt — Jx ^t^^}t instead of {tpt— sup ipt}t but there is no difference 
between them due to a standard argument by the Green function, more 
precisely, there is a constant G such that sup (pt — C< ^ptOJ^ < sup ipt ■ In 
order to get the limit in L^-topology, we need to consider the family of the 
sifted Kahler potentials {ipt — J-^ iptujQ}t (equivalently {ipt — sup ipt}t)- 
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Phong-Sesum-Sturm [20] (see also [19]) prove that if the Kahler-Ricci flow 
does not converge, then the non-shifted solution {(pt}t of ^ with respect to 
an appropriate initial condition will induce another proper multiplier ideal 
sheaf J^'^ for 7 > 1, which is defined as follows; for every open subset U C X, 
the space r([/, J"^) of local sections of J"^ over U is given by 

T{U,J^) := {/ e Ox{U) I sup [ \f\^e-^'^'du < cxd}. 

t>0 Ju 

Furthermore they give a necessary and sufficient condition for the conver- 
gence of the Kahler-Ricci flow in terms of J"^, more precisely, the Kahler- 
Ricci flow converges if and only if there exists 7 > 1 such that J'"' admit the 
global section 1. 

The difference between the Nadel's type multiplier ideal sheaves Z{'^ipoo) 
in Theorem 11.11 and J'^ in |19j appears in the following vanishing theorem 
which is one of the important properties of the multiplier ideal sheaves; 

Theorem 1.2 (Nadel's vanishing theorem, |15l [7]). Let {X^uo) he a compact 
Kdhler manifold and L he a holomorphic line hundle over X with a singular 
Hermitian metric h = e~^hQ, where Hq is a smooth Hermitian metric and 
ip is an almost plurisuhharmonic function. Suppose that the curvature form 
Q{h) = —^^^-ddlogh is positive definite in the current sense, that is to say, 
@(h) > ecu for some e > 0. Then we have 

H'^{X,Kx<E)L<E)I{'ilj))=0, q>0, (4) 

where Kx is the canonical bundle. 

Applying the above theorem to L = K^^ and ^ = ^'Poo for 7 G {n/{n + 
1), 1) in Theorem ll.il we flnd that 

H°{V-y,Ov,) = C, m{V^,Ov-,) = Q (5) 

for all (? > 0, where is the associated subscheme of X(7(/7oo) whose struc- 
ture sheaf Ov^ = Ox /1{^(poo)- dS]) gives us some geometric properties of 
such as the connectedness, etc. See [I5l[7] for the other properties of V^. 
Remark that the multiplier ideal sheaf in [19] does not need to satisfy (l5|), 
because 7 > 1. In this paper, we call derived in Theorem 11.11 the KRF- 
multiplier ideal subscheme (KRF-MIS) of exponent 7. We abbreviate 
the subschemes cut out by the multiplier ideal sheaves to the MIS. Espe- 
cially, for an almost plurisuhharmonic function ip we call the subscheme cut 
out by 1{'^ip) the MIS of exponent 7 (with respect to if). The exponent of 
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the MIS is closely related to the complex singularity exponent, which is in- 
troduced by Demailly-Kollar [7] and the definition of the complex singularity 
exponent will be explained in Section [3l Here let us remark that the complex 
singularity exponent is a local version of a holomorphic invariant which is 
called the a- invariant defined by Tian [26J. He proved that Fano manifolds 
admit Kahler-Einstein metrics when the a-invariant is strictly greater than 
n/(n + 1) by using the continuity method. On the other hand, the same 
result is observed in [22j by using the Kahler-Ricci flow. In fact, Theorem 
11.11 in [22j is obtained by effectively proving that if adX) > then the 
Kahler-Ricci flow converges. Remark that adX) > 1 if there is no mul- 
tiplier ideal sheaf such that there is a positive constant e satisfying 
that X(7'0) is proper for 7 E (1 — e, 1). This result implies many examples 
of Kahler-Einstein manifolds and it has been studied well. For example , 
see |27] for Kahler-Einstein Fano surfaces, [2], [25] for toric Fano manifolds, 
[9] for recent progress, [12], [^ for recent works related to the Kahler-Ricci 
flow, [1] for the relation between the complex singularity exponent and the 
a-invariant and the references therein. 

The purpose of this paper is to calculate the support of the KRF-MIS 
on certain toric Fano manifolds with large symmetry. Let us explain the 
class of toric Fano manifolds we shall consider. Let X be a toric Fano 
manifold with an effective action of Tq := (C*)", where dimcX = n. Let 
Tk := (S^)^ be the real torus of Tq and be the associated Lie algebra. 
Let A^K := JtR ~ M"' where J is the complex structure of Tq. Let Mr be the 
dual space Hom{N^,M) ~ of N^. For each toric manifold X, there is 
an associated convex polytope P* C Mjr which is the image of the moment 
map from X to Mr. For P* , we denote its dual polytope by P C N^, which 
is often called a Fano polytope. The duality of P and P* is defined by 

P* ={yeMu\ {y, q^'^) < 1 for all vertices q'^^ of P}. 

Let AA(Tc) be the normalizer of Tc in Aut(X). Then the Weyl group 
\V{X) := M{Tc)/Tc of Aut(X) with respect to Tc equals to the finite 
subgroup of Gh{N,7j) consisting of all elements which preserve P where 
~ Z" is the space of all lattice points in (see Proposition 3.1 in [2|). 
Let iVi^^^'' := {x e Nm\ x9 = X for all g G W{X)}. Then, the class of toric 
Fano manifolds which we shall consider is 

Wi := {X : toric Fano manifold with dimA'^^''^^ = 1}. 

The advantage to restrict the class of toric Fano manifolds to Wi is that it 
allows us to determine the holomorphic vector field of Kahler-Ricci solitons 
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precisely only by the sign of its Futaki invariant and to calculate the KRF- 
MIS by using a Kahler-Ricci soliton, although Wi might be quite limited. 
Remark that Wang-Zhu [3T] proved that every toric Fano manifold has a 
Kahler-Ricci soliton. We choose G to be the maximal compact subgroup in 
MiT:^) generated by Tjg and W{X) so that we have the short exact sequence 



Then our main result is as follows. 

Theorem 1.3. Let X he a toric Fano manifold in Wi. Suppose that X does 
not admit Kdhler- Einstein metrics and that the imaginary part '^^{vkrs) 
of vkrs generates a one-parameter subgroup of G. Let {at ■= exp{tvKRs)} 
and 7 € (0, 1). Then, the support of the KRF-MIS of exponent 7 is equal 
to the support of the MIS of exponent 7 derived from a sequence of Kdhler 
potentials 0/ {(cr^"'^)*tj} for any G-invariant Kdhler form uj. 

Remark 1.4. The author expects that the restriction to Wi would he just 
a technical assumption and it would he ruled out. On the other hand, it is 
not known yet whether the restriction would imply that X does not admit 
Kdhler- Einstein metrics. This corresponds to a special case of the question 
in which inquires whether all toric Kdhler- Einstein Fano manifolds are 
symmetric or not. Here recall that a toric Fano manifold X is called sym- 
metric if dim N^^^^ = 0. 

Theorem O says that the KRF-MIS on X e Wi is reduced to the 
MIS derived from a one-parameter subgroup of the torus action. In order to 
calculate the support of multiplier ideal subschemes on toric Fano manifolds, 
it is sufficient to calculate the complex singularity exponent with respect to 
the associated almost plurisubharmonic function for each face of the polytope 
P* C MjR. Then we shall give a formula to calculate the complex singularity 
exponent of the MIS obtained from one-parameter subgroups of the torus 
action in Theorem 13.11 Combining Theorem 11.31 and Theorem 13.11 we can 
calculate the support of the KRF-MIS concretely. For example, we can prove 

Corollary 1.5. Let X he the hlow up 0/ CP^ at pi and p2. Let Ei and E2 

he the exceptional divisors of the hlow up, and Eq he the proper transform 
of P1P2 of the line passing through pi and p2. Then, the support of the 
KRF-MIS on X of exponent 7 is 



1 ^ Tm ^ G ^ W{X) ^ 1. 



{ 



U: 



Eo /or7G(|,i). 
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Finally, let us remark a relation with stability of manifolds. As an ana- 
logue of slope stability of vector bundles, Ross-Thomas [21] defined the slope 
for subschemes of a polarized manifold and proved that their slope stability 
is necessary for the existence of constant scalar curvature Kahler metrics. 
From the viewpoint of Hitchin-Kobayashi correspondence, we expect that 
the KRF-MIS would destabilize a Fano manifold {X, ci{X)) with anticanon- 
ical polarization. Unfortunately, it is proved recently by Panov-Ross |17j 
that the blow up of CP^ at two points is slope stable with respect to the 
anticanonical polarization, while it is not a Kahler-Einstein manifold. On 
the other hand, by the formula (Corollary 5.3 in [21]) to calculate the slope 
of smooth curves in a surface, we can see that Eq in Corollary 11.51 has the 
worst slope. This fact suits that Eq has the worst complex singularity expo- 
nent in Corollary 11.51 In other words, our result suggests that the slope of 
subschemes would be related to the strength of singularity of the KRF-MIS. 

The organization of this paper is as follows. In Section [2] we shall reduce 
the KRF-MIS to a simpler one by following the proof of the convergence of 
the Kahler-Ricci flow by Tian-Zhu. In Section [3] for each face of P* we shall 
give a formula to calculate the complex singularity exponent of the associated 
almost plurisubharmonic function derived from one-parameter subgroups of 
the torus action and complete the proof of the main theorem. Furthermore 
we shall give a way to determine the support of the KRF-MIS. In Section [J] 
we shall calculate examples of toric Fano n-folds (n = 2, 3) contained in Wi 
by using our results. 

Acknowledgement: This work was supported by World Premier Interna- 
tional Research Center Initiative (WPI Initiative), MEXT Japan while the 
author was a project researcher of the Institute for the Physics and Math- 
ematics of the Universe (IPMU). The author would like to thank Professor 
Akito Futaki for his valuable comments for the improvement of this paper. 

2 Convergence of the Kahler-Ricci flow to Kahler- 
Ricci solitons on toric Fano manifolds 

Through this section and the next section, we shall prove the main theorem 
by using the results of Tian-Zhu [30] and Zhu [33j about the convergence 
of the Kahler-Ricci flow. Firstly, let us recall toric Fano manifolds briefly. 
A toric variety X is an algebraic variety with an effective action of Tc := 
(C*)", where dimcX = n. Let Tr := {S^)^ be the real torus in Tq and 
tiR be the associated Lie algebra. Let A^r := JtR ~ where J is the 
complex structure of Tq. Let Mr be the dual space Hom,{N^, M) ~ M"' of N^. 
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Denoting the group of algebraic characters of Tq by M, then = Mcgi^M. 
It is weh-known that for each smooth toric Fano manifold X there is a fan 
T,x such that 

(a) the polytope P consisting of the set of the primitive elements of all 
1-dimensional cones in Sjc is an n-dimensional convex polytope, 

(b) the origin of is contained in the interior of P, 

(c) any face of P is a simplex, and 

(d) the set of vertices of any (n — 1) -dimensional face of P constitutes a 
basis of TV ~ C iVR. 

The polytope P is often called the Fano polytope of X. 

Next let us recall the definition of Kahler-Ricci solitons. A pair {v, to) of 
a holomorphic vector field and a Kahler form on a Fano manifold is called a 
Kahler-Ricci soliton if 

Ric(tL') — u) = C^io, 

where is the Lie derivative along v. Obviously Kahler-Einstein metrics 
are Kahler-Ricci solitons with v = 0. The existence of Kahler-Ricci solitons 
on toric Fano manifolds is proved by Wang-Zhu |31| . 

Theorem 2.1 (Wang-Zhu, [31]). There exists a Kahler-Ricci soliton, which 
is unique up to the identity component of the group of holomorphic automor- 
phisms, on a toric Fano manifolds. 

In the recent progress of the study about the Ricci flow after Perelman's 
works, the convergence of the Kahler-Ricci flow on Fano manifolds with 
Kahler-Ricci solitons is proved by Tian-Zhu [30]. This is a generalization of 
the result announced by Perelman [18j which says that if X admits a Kahler- 
Einstein metric then the Kahler-Ricci flow will converge to a Kahler-Einstein 
metric in the sense of Cheeger-Gromov. Let Autr-(X) be the reductive part 
of Aut(X) and K he a maximal compact subgroup of Autr{X). Note that 
Autr{X) is the complexification of K. From the uniqueness of Kahler-Ricci 
solitons proved by Tian-Zhu in [29], we may assume that a Kahler-Ricci soli- 
ton {vkrSi^krs) is -fC-invariant and the imaginary part of vkrs generates 
a one-parameter subgroup K^^^^g of K. For a holomorphic vector field v, 
let be the holomorphic invariant defined by Tian-Zhu ^29j , which is a 
generalization of Futaki invariant. The definition of Futaki invariant will 
be explained in Section jH Then the holomorphic vector field vkrs satisfies 
that Fyj^j^g vanishes on Kviir{X). 
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Theorem 2.2 (Tian-Zhu, [30]). Let X be a Fano manifold which admits 
a Kdhler-Ricci soliton {vkrSi^krs) cls above. Then, any solution tot of 
the normalized Kdhler-Ricci flow ([2]j will converge to ojrrs sense of 

Cheeger-Gromov if the initial Kdhler metric is K^^^^^^ -invariant. 

Combining Theorem 12.11 and Theorem \'2.2\ we find that the normahzed 
Kahler-Ricci flow ([1]) wih converge in the sense of Cheeger-Gromov on toric 
Fano manifolds. The same resuh is proved by Zhu [33] without the assump- 
tion of the existence of Kahler-Ricci solitons on toric Fano manifolds. These 
results suggest us that the KRF-MIS would be calculated by using Kahler- 
Ricci solitons on toric Fano manifolds which do not admit Kahler-Einstein 
metrics. In fact, we shall see that this attempt works well on toric Fano 
manifolds with certain symmetry. For this purpose, let us explain about 
symmetry of toric Fano manifolds (cf. [2], [25]). Let M{T£) be the normal- 
izer of Tc in Aut(X). Then the Weyl group W{X) := M{Tc)/Tc of Aut(X) 
with respect to Tq equals to the finite subgroup of GL(A^, Z) consisting of 
all elements which preserve P where ~ is the dual of M (Proposition 



3.1 in [2]). Let N^^^^ := {x ^ N^ \ = x for aU g G W{X)}. Then, the 



class of toric Fano manifolds which we shall consider is 

Wi := {X : toric Fano manifold with dimA'^^"'^^ = 1}. 

Then we shall prove Theorem 1 1.3 1 in the rest of this section and the next 
section. Theorem 11.31 follows essentially from the argument of Zhu in [33] 
(also of Tian-Zhu in [30j). To be comprehensive as possible as we can, we 
shall recall the outline of the proof of |33]. The key point in their proof of 
[30j and [33] for us is how to modify the Kahler-Ricci fiow to converge to a 
Kahler-Ricci soliton. Let loq be an initial Kahler form which is G-invariant. 
Let us consider the equation of ([T|) whose initial condition cq = 0, i.e.. 



Remark that cq in ([6]) is different from the initial constant in [20j and 
[22j , but we shall see in the proof of Lemma 12.71 that this difference does 
not affect the KRF-MIS. As an initial Kahler form on X, we take a 
standard metric determined by the moment polytope P* as follows. Let 

n) be an affine logarithm coordinates on 
Tc = Tk X Ar, i.e., ti = exp^^Xi -\- ^/^9i) where t = {ti, ■■■ ,tn) G Tc. 
Let 

=i,...,m be the set of all lattice points contained in P* C M-g^, and 
(•, •) is the natural inner product on M]r x Ajr. Then we let ujq := ^'^^dduo 
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on a dense orbit of the action of Tc where the quotient of uq is a convex 
function on defined by 



^e(p«,x>| (7) 



i=l 

and X = {xi, . . . , Xn) G N^. It is known that ujq can be extended to a 
well-defined Kahler form on X. In fact cjq is the pull-back of the Fubini- 
Study form on CP™^^ with respect to the anticanonical embedding X ^ 
F{H^{X,K^^)*). Remark that the image of the moment map ^ : X ^ Mr 
with respect to equals to P* . Obviously loq and uq are W(X)-invariant. 
By Lemma 4.3 in [25], we find that there are positive constants c and C such 
that 



From (I2D and ([5]), we can assume 

det((iio)jj) = exp(-tio - ho). 

Since /iq and in (l6|) are also TR-invariant, then we can reduce (l6|) to a real 
Monge- Ampere equation 

^ = logdet{uij) +u, 
u{0,-)=no, 

where ut = u{t, ■) = uq + (pt on A'r. Here we denote the reduced potential 
functions of tot on N^, which is the quotient of (j)t to N^, also by the same 
(pt to avoid the complicacy of symbols. Note that the quotient of (pt to 
is normalized by requiring that the image of the gradient map of ut in Mr 
equals to P* . For each t let ht and q be the normalized Ricci discrepancy 
and a constant defined by 



where cot is the solution of the Kahler-Ricci fiow ([T]). As for ht above, we 
refer the following lemma which is proved by Perelman. 

Lemma 2.3 (Perelman, see also [24] ) . 

\ht\ <A, 

where A is independent oft. 
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For each solution ut of Q, let ut := ut — ct and mt := inf^^gRi 
Let xt be the minimal point of uj, tZf := ut{- + xt) — rrit and be -uj — uq. 
The existence of xt for each t is assured as follows. Since (pt is the quotient 
of the function over X, it it bounded over N^. Then the existence of xt 
is equivalent to the existence of the minimal point of uq, which is assured 
because uq is approximated by linear functions near the infinity in A'r. In 
fact, for any vector x S N^, we have 

< smax(p^*\a;) < uq{sx) < smax(p'-*\x) + m 

i i 

for all s G M>o where m is the number of lattice points contained in P* . 
Prom Lemma 12.31 and the similar argument in [31] , 

Proposition 2.4 (Lemma 2.1 [33j, Proposition 3.1 [33]). 

\mt\ < C, UtWco < C, 

where C is independent oft. 

To get higher order estimate, we shall modify (pt- 

Lemma 2.5 (Lemma 4.6 [6], Lemma 4.1 [33j). Let i be any nonnegative 
integer. Then the distance between Xi and Xj+i are uniformly bounded, i.e., 

\Xi — < C 

By replacing the original xt by a straight line segment XjXj+i for each 
unit interval + 1], Lemma 12.51 allows us to modify the family of points 
{xt} C to a new family {x^} satisfying 

\xt - x\\ < C, 

Under our assumption that X is contained in Wi, we can choose a simple 
{x'-i-} as follows. Let Pkrs be the vector in which induces the holomorphic 
vector field vkrs of the Kahler-Ricci soliton. More precisely, if v^^j^g is the 

real vector field induced by (3krs then vkrs = \{''j'^krs ~ ^ ~^^'^'^'^krs))- 
Since Pkrs is W(X)-invariant and X £ Wi, the line {s(3krs | s € M} 
equals to the fixed subspace of under the action of W{X). Since ut is 
also >V(X)-invariant, {xt}t is contained in the line {sPkrs I s £ M}, that is 
to say, for each t there is a constant Si G M such that xt = stPKRS- This 
fact and (jlOl) allow us to assume that x^ = StPxRS and \dst/dt\ is uniformly 
bounded for all t. This assumption will simplify the calculation of the MIS 
later when we prove Lemma 12.81 



dxt 



dt 



< C. 



(10) 
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Let pt be a holomorphic transformation, which induces the shift trans- 
formation on N'^ defined by x i— > x + siPkrs for each t. Let (/>t be a Kahler 
potential defined by 



which is what we desire. Remark that 4)t is equal to uo{- + stf^KRs) — uo{-) 
up to constant. The ambiguity of an additive constant in (jlip is removed 
by requiring 



^ = log det(g.^) + + + 6,, (12) 

on X, where 



dxt dst 



'{jj := ?)((mo)) and /iq is the renormalized function of ho satisfying 
If- 1 /"°° f -d(h' 

Aia^io^X^dt (13) 



as Lemma 4.2 [30]. In p3|) F denotes the volume of X with respect to ujq, 
^vkrs — vkrs{uq) and (f)^ is the Kahler potential defined by 



and 



5<AJ det(g,j + (0;),j) ,/ , 

^ = log det(ff.^) + +^t-ho + 0^,,,. 



Then, Tian-Zhu [30] (also [33]) proved 

Proposition 2.6 ([3D]) [33])- The family {^^^}t converges to a Kdhler-Ricci 
soliton associated to vkrs ('■''^d vt converges to vkrs cls t goes to the infinity. 

Remark that ^ ^ 1 as t — > oo, because vt converges to vkrs- Therefore 
we can conclude the following lemma. 

Lemma 2.7. The KRF-MIS equals to the MIS coming from a family of 
Kahler potentials ipt of {{p^^)*uj}t with respect to a fixed Kahler form uj, 
which is normalized by sup ipt = 0, where uj is any G -invariant Kahler form. 
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Proof. Firstly we shall see that the difference of the choice of initial constant 
Co does not matter when we consider the KRF-MIS in the sense of [22]. In 
fact, the difference between ^ and ([6]) induces that (pt = (ft — coe^ where the 
constant cq is the initial condition in Theorem ll.li However, since (pt — supcpt 
equals to ipt — sup ipt for each t, the MIS coming from a family {(pt — sup (pt} 
coincides with the MIS obtained from a family {99^— sup Lft}, which is equal to 
the KRF-MIS in Theorem ll.il Take any G- invariant Kahler form uj. As seen 
in the above argument, we find that uj^^ equals to (p^^)*uj^^ for each t. Let 

tp'f G C°°(X) be the discrepancy function defined by lj^^ —uj = ^^^-ddipf and 

supV't = 0. Since lo^^ converges in C°°-sense, HV'tllco is uniformly bounded. 
Since 

then 

= {(pt - {Pt^r^'t) - sup(0i - {pT^r^'t). 

Since || (/07^)*V't 11(7° is also uniformly bounded, the MIS obtained from {ipt} 
equals to the MIS obtained from sup <pt}. Hence, the proof is completed. 

□ 

In order to finish the proof of Theorem II. 3^ it is sufficient to show 

Lemma 2.8. Let 7 G (0,1). The support of the MIS obtained from {ipt} 
of exponent 7 equals to the support of the MIS obtained from the family 
of the normalized Kahler potentials of {(ct^"'^)*^}^ with respect to ui, whose 
supremum equals to zero, of exponent 7. 

We shall prove the above lemma in the next section. 

3 Complex singularity exponents of multiplier ideal 
sheaves on toric Fano manifolds 

In this section, we shall give a formula to calculate the complex singularity 
exponent of the limit of ipt in Lemma 12.81 with respect to each face of the 
polytope P* C Mir. Then, we shall give a proof to Lemma [2.81 and complete 
the proof of Theorem 11.31 Furthermore, we shall give a way to determine 
the support of the KRF-MIS on X which does not admit Kahler-Einstein 
metrics and is contained in Wi. 
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Firstly, let us recall the complex singularity exponent of plurisubhar- 
monic functions, which is introduced by Demailly and Kollar in [7J to de- 
scribe the singularity of plurisubharmonic functions numerically. Remark 
that the definition explained below can be applied to almost plurisubhar- 
monic functions in our case, because an almost plurisubharmonic function 
we shall consider is written locally as a sum of a plurisubharmonic function 
and a smooth function which is a potential of a fixed reference Kahler form. 
Let X be a complex manifold and be a plurisubharmonic function on X. 
Let K d X he, Su compact subset of X. The complex singularity exponent 
ck{^) of If on K is defined by 

ck{^) '■= sup{c > 0;exp(— c(/9) is on a neighborhood of K}. 

If 93 = —00 near some connected component of we define cxi'f) '■= 0. The 
complex singular exponent ck{'-p) depends only on the behavior of (/J near 
its —00 poles. Prom its definition, C|p}((/9) is strictly less than some positive 
constant 7 if and only if the local section Ijj^ of Ox {Up) is not contained in 
T{Up,I{'yif)) for any open neighborhood Up at p, i.e., p is contained in the 
support of the subscheme cut out by I{'yip). That is to say, the support of 
the MIS of exponent 7 with respect to ip is equal to 

{peX \ C|p}(99) < 7}. 

Prom now on, let X be a toric Fano manifold whose Kahler class equals to 
ci{X). Let P C be the Fano polytope of X and P* be the dual polytope 
which is the image of the moment map. More precisely, P* is defined by 

P* ={y £ Mm I {y, < 1 for all vertices q^'^ of P}. 

Let pt be a holomorphic transformation corresponding to change from LOt to 
cj^^, i.e., Pt induces the shift on defined hy x ^ x + stPKRS for each t as 
in the previous section. Let lvq be the standard Kahler form defined by ([7]). 
Let {V't}t be the sequence of Kahler potentials of {(/3^^)*a;o}t satisfying 

{p^'^)*u;o = ^^o + ■^^^^^^^^pt, supV't = 
zvr 

as in the previous section. Let tpoo be the almost plurisubharmonic function 
which is the limit of {ipt}t in L^-topology. 

Por a point y G Mr we denote the complex singularity exponent of V'oo 
on p^^{y) by Cjj^} (^00) where p : X ^ Mr is the moment map with respect 
to ujq. This notation makes sense. In fact, is contained in the support 
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of the MIS of exponent 7 with respect to ipoo if and only if c^y}{ipoo) < 
because the MIS on a toric manifold is Tu-invariant and 

C{j/}(V'oo)= inf C|p|(^oo). (14) 

As for (|14p . it is easy to check as follows. It is trivial that Cj^^} (1/^00) ^ 
infpg^-i(y) C{p}(V'oo) from the definition. For any c < infpg^,-i(j^) C{p}(V'oo), 
there is an open covering ^p^^-'^{y)Up of ^~^{y) such that Up is an open 
neighborhood at p and e~'^'^°° is integrable over Up. Since is compact, 

we find that e~'^'^°° is integrable over ^p£f^-i(y)Up, i.e., c < C|j^}(^/^oo)- Hence 
is proved. For each face 5* of P*, let us calculate Cjy} (V'oo) where y 
is a point in the relative interior of 6*. In order to do it, we shall choose 
a reference point in the interior of 5* as follows. Let 6* be an (n — I — 1)- 
dimensional face of P* . Let fl be the G-equivariant moment map from A'r 
to Mr with respect to ujq defined by 

where uq is defined by ([Tj). Remark that the image of jl equals to the 
interior of P* . From the duality between P and P* , for 5* there is a unique 
Z-dimensional face 5 of P. From the definition of P, 5 is a simplex. Let 
{Q^^^}i=i,...,i+i be the set of vertices of 6. For Oj S M>o satisfying Yli=i o-i = 1) 
we put x^*^) := aig*^-'^) + • • • + aij^iq^^~^^\ Obviously x^") is contained in the 
relative interior of 5. Then 



dm (a)^ d 



dxj dxj 



logfe^^'^'-^O 



(15) 



as s ^ 00, where A is a subset of {1, . . . , m} such that G A if and only 
if p^*") is contained in n^^}i/j, where Hi := {y G Mr | = 1}. In the 

above f{s) G o{e^^) means lims^oo /(•s)e~'^* = and (J^ denotes the number 
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of integers in A. The equation (|15p means that the point 

^(■5*) := hm /i(sx(")) (16) 

is independent of the choice of a vector a and is contained in the relative 
interior of the face 6*. In fact, {p^^°'^}ia^A is the set of all integral points 
on 5* and the average of them. So, in order to determine whether 

fj,~^{5*) is contained in the MIS of exponent 7 or not, it is sufficient to 
determine whether c^p(s*)j{ipoo) is strictly smaller than 7 or not. In fact, the 
Tc-invariance of the MIS implies that if p^^ ^ is contained in the MIS then 
S* is also contained in it. 

Next, we shall give a formula to calculate c^p(s*)y{Tpoo) for each face 5* of 
P* . Let {p^^k) I I < < jyi^ ^ jk+i} be the subset of all integral points 
of P* satisfying 

{p(^>'\-PKRs) = max (17) 

i=l,...,m 

In order to distinguish such from the other integral points of P* , we 
denote it by p^^^W , Let UQ{t,x) be a convex function on A'r defined by 



Uo{t,x) :=\og{y2e^p'"'--^^^^^^A - St max {p^"^ , -Pkrs) ■ 

y i=l,...,m 

Then, {pt^fujo = ^ddu'Q{t,x). We find 
UQ{t,x) -uo{x) = log' 



< (18) 
for all X G A'jg and all t £ M>o, and on the other hand we also find 
u'o{t, -sPkrs) - uo{-sPkrs) 



log 



> lo 



jj|pmax(fc)| . gSmax((p('),-/3KHS>) 



(19) 



as s — > 00. From (jlSp and (jl9p . we find 

lim (no(t, -sPkrs) - uq{-sI3krs)) = 0. (20) 
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From (fTSj) and ([20]) we find sup j^^{uQ{t, x) — uo{x)) = 0, that is to say, 
iptix) = no(t,x) - uo{x). 

Theorem 3.1. Let 5* be an (n — l — 1)- dimensional face of P* . Let 6 is the 

associated I -dimensional face of P with 5* . Then, we have the following two 
possibilities; 

(i) If for any x ^ 5 there is an integral point p^^^^^^ of P* defined by j iTp , 
which might depend on x, such that {p^'^^'^^\x) > 0, then c^p{s*)y{ip(x,) > 
1. In particular fi^^{6*) is not contained in the support of the G'^- 
invariant MIS obtained from {ipt}t of exponent 7 for any 7 < 1. 

(a) Suppose that there is a point x £ 6 such that 

{p^^^(l')^x) <0 for any k. (21) 

Let p™ax{A:o) g ygrtex of P* and x^^^ be a point in 6 such that 



^pmax(fco)^ ^(0)^ = minmax(p'^^^('^), (22) 

X k 

where x runs over 



{x £ 5 \ X satisfies ([17]) }. 

Then, we have 

In particular fi^^{6*) is contained in the support of the G"^ -invariant 
MIS obtained from {i^t}t of exponent 7 for any 7 G (c|p(4*)}(V'oo)5 1)- 

Proof. Firstly, we stiall stiow tlie case (i). For any x £ 6, the assumption 
implies 

u'o{t,sx) = logQ]e<''''''^^-^*^^««M -Si(pr"(^),-/3xii5) 
^1=1 ^ 

> s(pr"^'=\x) > (23) 

for all s > 0. Let 

U := {six + S2r] ^ \ X £ 5, r] £ N^., \rj\ = 1, Si £ M>o, |s2| < !}■ 
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Let Upis*) C X be the interior of ^{fl{U)), where fl{U) denotes the closure 
of p.{U) and fj, : X ^ Mr and fl : Mr are the moment maps with 

respect to loq. Then, from (fT5]) . we find that Up(s*) is an open neighborhood 
around ii^^{p^^ ^). Then, for c > 0, (j23p imphes 

/ e-"^*u;^ < C f e-'^'-''°dxi ■ ■ ■ dxn (24) 
= C [ e-^"o(*.^)+(-i+^)«o{a=)^^^ ... ^3.^ (25) 



JU 

Ju 

roo \ l+l 



< C( e^-^+^^'ds] . (26) 



s=0 

In (pij) . we use the inequahty dH). From ([26l) . we find that jjj ^ e~'^'^*ujQ is 

bounded if < c < 1. Hence we find that C|p(i*)j.(^oo) > 1- 

Next we shall prove the case (ii). Before proving it, remark that the 
existence of the points p^^^i^o) g^j^fj j;(o) (j22p is assured. In fact a function 
X I— > maxfc(p™'*^('^), x) is continuous on a compact set {x G (5 | ^p™ax(A:)^^^ ^ 
for all k} and it is 

equal to zero if {p^^^^''\x) = for some k 
strictly less than zero if (^pmax{k) ^ ^ g k. 

These mean that the minimal point x^^^ of the above function is contained in 
{xe6 \ < for all A:}. Let us begin to prove (ii). The definition 

(|22]l implies that for all x £ 5 

u'o{t,sx) > smax(p'^^^('=),x) > x^). (27) 

k 

Since for any x G 5 there is a vertex p of P* such that {x,p) = 1, then we 
have 

uo{sx) > s. (28) 
As ([25]), for < c < 1, (I27D and ([28]) imply 



U (s*) -JU 



""^'lo^ < C / e-""o(*'^)+(-^+")"o(^)(ixi---(ix„ 
Ju 

/ poo \ l+l 

< C( e^{-i+^{i-(p-^''"='".-'°)»}ds) . (29) 



s=0 
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From ()29p we find that 

Next we shall prove c^p(s*)y{'>poo) ^ — ^pmax(fcQ) ^.(o)^ • ^ov each integral 
point of P* , let 

Ms) := - stPKRs) - -Pkrs). 

Then by p7p . for all i = 1, . . . , m, we have 

- (p'""^^'"^ to5)) (31) 

If (p(^) _pmax{fco)^2.{0)^ < 0, then we have 

A^{s) < s(p'^^"(^'°\x(°)) for ah s > 0. 
If _pmax{fco)^2.{o)|) > 0, then implies that p^^ ^ Other- 
wise it contradicts to that (^p^^^^i^o) ^ ^(0)'^ maximum among x'''''*)}^. 
This and ([I7|) imply that {p''^\ Pkrs)-{p^^^^''°\ Pkrs) is strictly bigger than 
zero. From (|3ip we find that 

Ai{s) < s(p'^^^('=o),j;W) for ah s G [0,stl^'], 

where 

* ■ _ pmax(A:o))^ ^(0)jj 

Let T' := min{T-' \ i = 1, . . . , m} > 0. This constant depends only on (3k RS 
and independent of s and i. Hence , for all i = 1, . . . , m 

Ai{s) < s(p(max(fco))^^(0)^ fo^, ^^1 S G [0,5*^]. (32) 

Let Ue ■■= {xe Nu\\x- <e, s> i}. For any open neighborhood U 

of /U~^(p^^ •*), there is a sufficiently small constant e > such that fl{Us) C 
/i(C/'). In fact, for the point x^^^ in (j22p we have 



dxj dxj 



1 



i=l 
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as s — > oo, where A is the subset of {1, ... , m} defined by (fT5|). Since A is 
independent of ij, there is a positive constant C independent of e and r] such 
that 



hm fL[sx^^^ + rj) — p 



n 



&A 



< 



j = l ia<^A ^fccSA 

< Ce 



(33) 



for any sufficiently small e > and any r] G with |r/| < e. Prom (j33p . we 
find that there is a positive constant C independent of s and r/ such that 



|/i(sx(°) + ??) < Ce 



(34) 



for all s G M>o and any r] with Iryl < e. This implies that p-{Us) C IJ-{U') for 
any sufficiently small e. Remark that fl{Us) is not necessarily a neighborhood 
of p'^'^*-'. (For instance, when S* is a 0-dimensional face, jl{sx^'^^ + rj) goes to 
the point p^^*^ for any r/, because jJA = 1.) There is a positive constant 
depending only on e such that, for any x € tJe with |x — sx^^^\ < e, 

u'o{t,x)<Uo{t,sx^''^) + C, = log(f2^^PMs)] +C,. (35) 

^ i ' 

On the other hand, 

tto(sx) < s + logm, (36) 
where x G (5 and m is the number of lattice points in P*. From (j32p . (j35p 
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and ([36|) we find that for < c < 1 and a fixed sufficiently small e, 

e-"^*a;^ > C [ e'^^^u;^ 
u' JM-i(/i(t7,)) 

> C [ e-'^"o(*.^)+(-i+<=)«o^3.^ . . . 



'■StT' 

> C g-cmaxi Ai(s)+(-l+c)s^^ 



> C 



cs(p™='''('=o),a;(''))+(-l+c)s 



C7 Z'*'^ e^{c{i-(p--='^('=o),x(o)»-i}^^_ ^37^ 



If c > ^_^pn,ax|fco),x(o)) ' °^ *EZ1) goes to +00 as t ^ oo, because st 

goes to +00. The definition of the semi-continuity of the complex singularity 
exponent ([7]) implies that 

Hence we get the desired equation from (pOj) and ([38|) . The proof is com- 
pleted. □ 

Remark 3.2. Theorem \3.1\ is kind of local version of Song's formula 125^ 
of the a-invariant on toric Fano manifolds. 

Then, Lemma 12.81 is a corollary of Theorem 13.11 

Proof of Lemma \2.8l Theorem 13. II still holds if we assume that st = t. This 
means that the complex singularity exponent with respect to pt defined in 
the previous section equals to the one with respect to at- Therefore, the MIS 
obtained from {{p^^)*uj}t has the same support of the MIS obtained from 
{{a^^)*uj}t for any exponent 7 < 1. □ 

Therefore the proof of Theorem 11.31 is completed. 

We shall conclude this section with another Corollary of Theorem 13.11 
Let e > be a sufficiently small constant. Theorem 13.11 gives us a way to 
determine the support of the MIS of exponent 7 from any one-parameter 
subgroup of Aut(X) for 7 G (1 — e, 1) as follows. Here we do not need the 
assumption that X is contained in Wi . To describe the statement, let us 
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introduce some terminologies. Let at be a one-parameter subgroup of the 
holomorphic vector field v,^ whicli is associated with a vector G N^, i.e., 
if is the real vector field induced by ( then = ^{(^ — \/—l{J('^)) and 
(Tj = exp{tV(^). Let us consider the MIS coming from {(c7^~^)*ti;o}f as before. 
Let C) G dP be a point which is the intersection between dP and the 
half line {—s^ G A'k | s > 0}. For distinct points x^^^ and x*-^-* on dP, we 
define that x^^^ ~ x^'^^ if and only if x*-^-* and x*^^^ are contained in a common 
(n — l)-dimensional facet of P. We define the star set of x{—Q by 

si(x(-C)) := {x G (9P I X ~ x(-C)}. 

From the definition of the star set, st(x(— C)) is a union of (n— l)-dimensional 
facets {5k}k=i,...,kQ of P. For each 5k, there corresponds to a hyperplane 
{x G I Hk{x) = 1} in A'k which contains 5k- Then, the star set st(x(— C)) 
divides into two. This means that is divided into := {x \ Hk{x) < 
1 for all and its complement. Then, by translating A'j^ along the line 
{—sC, G I s G M} so that the origin is contained in its boundary, we 
define a subspace in by 

st{x{^C)) ■■= {2; G TVr I Hk{x) < for all k}. 

Corollary 3.3. Let X he a toric Fano manifold. Let at be a one-parameter 
subgroup of the holomorphic vector field which is associated with a vector 
C G N^. Suppose 7 G (1 — e, 1) where e is a sufficiently small positive 
constant. Let 5* he an [n — I — 1)- dimensional face of P* and 5 be its 
associated I -dimensional face of 5. Then, 5* is contained in the image of the 
support of the MIS of exponent 7 from {{a^^)*uJo}t under the moment map 

^ if and only if 5 Ci int{st{x {—())) / 0, where int{st{x{—C))) is the interior 

ofsti^O). 

Proof. From the duality of P and P*, we find that for each Hk there corre- 
sponds to p™**x(^) defined as (fT7|) and that st(x (—(")) equals to 

{x G iVM I (p'"^^('=\x) = 1 for all k}. 

Hence we find that int{st{x{—())) equals to 

{x G iVM I (p°'^^('=),x) < for all k}. 

If 5 r\int{st{x {—())) / 0, then Theorem 13. II (ii) implies c^p^*) ("^oo) < ^ — ^i^) 
for some e{5) > which might depend on 5. By taking a sufficiently small 
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e, we get that c^-p^* ■) (^/^oo ) < 1 — e if (5 n int{st{x{—C))) ^ 0, because the 

number of faces in P is finite. On the other hand, if 5n int{st{x{—Q)) = 0, 
then Theorem 13.11 (i) imphes C(^s*^{ijjoo) > 1 > 1 — This completes the 
proof. □ 



4 Examples 

In this section, we shall calculate several examples which are contained in 
Wi. Let VfCRS be the holomorphic vector field of Kahler-Ricci soliton, which 
is contained in the reductive part i)riX) of the Lie algebra consisting of 
all holomorphic vector fields on X. Since manifolds are contained in Wi, we 
can determine the vector I3krs in -^R which induces vkrs by calculating the 
sign of its Futaki invariant. Let us recall the definition of Futaki invariant 
(|10)). Futaki introduced an integral invariant, which is a Lie character of 
\}{X), defined by 

F{v) := [ vhgu^-. 

He proved that F is independent of the choice of g. Let Okrs G C°°{X) be 
a function defined by 

^{VKRS)'^KRS = ^^dOKRS, e^^^^w^^s = UJ]^RS- 

Note that the existence and the uniqueness of ^i^^^g are assured by the 
Hodge theory, because i-[vkrs)^krs is a 9-closed (0, l)-form and there is no 
harmonic 1-form on X due to ci{X) > 0. Since (vkrSi^krs) is a Kahler- 
Ricci soliton, we find 

ddhgj^j^g = Ric{ujKRs) - ^^krs 



2-K 



= ^VKRs^KRS = —p, 996 KRS- 

zvr 

Remark that Cyj^j^giOKRS is a real (1, l)-form, because the imaginary part 
of Vkrs is a Killing vector field. So, we find that hg^^^^ is equal to Orrs 
and that 

F{VKRS) = / VkRsOkRS^KRS = I \d^KRS?^KRS > 0- (39) 

Jx Jx 
Then, in order to determine Pkrs under the assumption that X is contained 
in Wi, it is sufficient to calculate the sign of Futaki invariant of the holo- 
morphic vector field coming from a vector in N^, which is invariant under 



23 



W{X). To calculate the sign of Futaki invariant of holomorphic vector fields 
in the center of i)r{X), we shall use the following result; 

Theorem 4.1 (Mabuchi, [l3]). Let ¥ := J^), . . . , F(i„^)) G M". 

Remark that t,i-^ is a Tic-invariant holomorphic vector field on Tq, which 
can be extended on X. Let b{P*) G be the barycenter of P* , i.e., 

}p,ay Jp, Jp* 

where dy = dyi A • • • A dyn- Then F equals to —b{P*). 

The minus sign of b{P*) above comes from that our choice of affine 
logarithmic coordinates has the opposite sign to the one in ^3] . Combining 
()39p and Theorem 14.11 we find 

{b{P*),f3KRs) <0- (40) 

4.1 Toric Fano 2-folds 

There are five types of toric Fano 2-folds; CP^ CP^ x CP^ and the blow 
up of CP^ at k points, where k = 1,2,3. Kahler-Einstein manifolds among 
them are CP^ CP^ x CP^ and the blow up of CP^ at 3 points. Meanwhile 
the blow up of CP^ at k points {k = 1,2) does not admit Kahler-Einstein 
metrics and it is contained in Wi. So we can apply our results to them. 
Firstly let us consider the blow up of CP^ at one point. 

Example 4.2. The support of the KRF-MIS on CP^fJCP^ of exponent 7 is 
the exceptional divisor for all 7 G 1). 

Proof. The polytope in whose vertices are 

(-1,-1), (-1,0), (0,-1), (1,1), 

corresponds to the Fano polytope P of CP^ftCP^. Then, N^^'^^ is the one- 
dimensional subspace of generated by a vector (-1,-1). From the sym- 
metry of P, we find that (3krs is proportional to (—1, —1). Since the vertices 
of the polytope P* are 

(-1,0), (0,-1), (2,-1), (-1,2), 

it is easy to see that (6(P*), (1, 1)) > 0. Then, (001) implies that Pkrs = 
/?(— 1, —1) where /3 > 0. Also we find that 

st{x{-l3KRs)) = {x = (xi, X2) I xi - 2X2 > 0, 2X1 - X2< 0}. 
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The vertex of P contained in int{st{x{— Pkrs))) is (—1; —1) which represents 
the exceptional divisor. Then, Coroharv 13.31 imphes that the support of the 
KRF-MIS of exponent 7 is the exceptional divisor where 7 is strictly smaller 
than 1 and sufficiently close to 1. The subset {p™^^^'^)} of vertices of P* is 

{(2,-l),(-l,2)}. 

For the facet 6* of P* associated with the vertex (—1, —1) of P, 

^^max(fco),a;(0)) = ((2,_1),(_1,_1)) = ((_1,2),(-1,-1)) = -1. 

Hence, 

C{p(«*)}(V'oo) = C|(_i _i)|(V'oo) = 2" 

Therefore the proof is completed. □ 

Next let us consider the blow up of CP^ at pi and p2- Let Ei and E2 be 
the exceptional divisors of the blow up. In X, there is another (— l)-curve 
denoted by Eq, which intersects with Ei and E2 Remark that Eq is the 
proper transform of pTp2 of the line passing through pi and p2- Then, 

Example 4.3. The support of the KRF-MIS on Cp2tt2CP^ of exponent 7 is 

f u2^o^,, /or 7 G (if), 
\ Eo /or7G(|,i). 

Proof. The polytope in whose vertices are 

(-1,0), (0,-1), (1,0), (1,1), (0,1), 

corresponds to the Fano polytope P of CP^tt2CP^. Then, N^^'^'^ is the one- 
dimensional subspace of iVjR generated by a vector (1,1). From the symmetry 
of P, we find that Pkrs is proportional to (1, 1). Since the vertices of the 
polytope P* are 

(-1,-1), (-1,1), (0,1), (1,0), (1,-1), 

we find that (6(P*), (1, 1)) < 0. Then, (00]) implies that /3krs = /?(!,!) 
where /3 > 0. Also we find that 

St{x{-f5KRs)) = {X= (Xi, X2) I Xi + X2 > 0}. 

The vertices of P contained in int{st{x{—j3KRs))) are (1,0), (0,1), which 
represent the exceptional divisors Ei and E2, and (1,1) which represents 
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the proper transform Eq. Then, Corollary 13.31 imphes that the support of 
the KRF-MIS of exponent 7 is the sum of Eq, Ei and E2 where 7 is strictly 
smaller than 1 and sufficiently close to 1. The subset {p™^^^^)} of vertices of 
P* is 

{(-1,-1)}- 

For the facets r]* ,{i = 1, 2) of P* associated with the vertices (1, 0) and (0, 1) 
of P respectively, 

^^max(fco)^ ^(0)^ = ((-1, -1), (1, 0)) = ((-1, -1), (0, 1)) = -1. 

Hence, 

(^°<=) = ^{(1 = 2' 
Also c^^(,,*)j^(^/^oo) = |- For the facet 5* associated with the vertex (1, 1) of 

(p'""^^'°\x(0)) = ((-l,-l),(l,l)) = -2. 



Hence, 



C{p(S*)y{'lpoo) = C|(i i)}(V'oo) = ^• 



Therefore the proof is completed. □ 
4.2 Toric Fano 3-folds 

Toric Fano 3-folds are classified completely (Remark 2.5.10 in [Ij). According 
to the classification, there are eighteen types of toric Fano 3-folds. Five of 
them are Kahler-Einstein manifolds, and eight of them are contained in 
Wi and do not admit Kahler-Einstein metrics. (As for the classification of 
Kahler-Einstein toric 3-folds, see [13j.) 

Example 4.4. Let Bi he V^^2{0 ® 0{2)). The support of the KRF-MIS on 
Bi of exponent 7 is Soo for 7 G (i, 1). Here Soo is the divisor defined by a 
section (0,0") of O ® 0(2) over CP^. More precisely, S^o is the closure of 

ma{p)]GBi\a{p)^0}. 

Remark that it is not an exceptional divisor. 

Proof. The vertices of the Fano polytope of Bi is 
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where denotes the transposition of the vector This toric Fano man- 
ifold has a symmetry which permutes {q^^\q^^\q^^^}, then it is contained 
in Wi and N^^^^'^ is generated by a vector (1,0,0). The vertices of the 
polytope P* is 

11 1-1-1-1 
0-10 2-3 2 
-1 2 2 -3 

From (HOI), we find that (3krs = /3(1,0,0), where /3 > 0. The vertex of 

P contained in int{st{x{—[3KRs))) is {f/*-^''}, which represents 5oo- Then, 
Corollarv 13.31 implies that the support of the KRF-MIS of exponent 7 is 5oo 
where 7 is strictly smaller than 1 and sufficiently close to 1. Its complex 
singularity exponent is ^. Therefore the proof is completed. □ 

Example 4.5. Let B2 be Pcp2(C' © 0{1)), which is the blow up 0/ CP^ at 
one point. The support of the KRF-MIS on B2 of exponent 7 is the divisor 
S'oo defined by a section (0,cj) of O (B C(1) over 

Cp2 for^ G (1,1). In this 

case Soo is the exceptional divisor. 

Proof. The vertices of the Fano polytope of B2 is 

(*g«,V'WWW^) = 




This toric Fano manifold has a symmetry which permutes {q^^\q^^\q^^^}, 
then it is contained in Wi and N^^^^^ is generated by a vector (1, 0, 0). The 
vertices of the polytope P* is 




From (go]), we find that (3krs = /?(1,0,0), where (3 > 0. The vertex of P 

contained in int{st{x{— Pk Rs))) is {q^^^}, which represents the exceptional 
divisor. Then, Corollary 13.31 implies that the support of the KRF-MIS of 
exponent 7 is the exceptional divisor where 7 is strictly smaller than 1 and 
sufficiently close to 1. Its complex singularity exponent is ^. Therefore the 
proof is completed. □ 

Example 4.6. Let B3 be Pcpi(0 © O © 0(1)) which is the blow up o/CP^ 
along CP^ . The support of the KRF-MIS on B3 of exponent 7 is the excep- 
tional divisor of the blow up for 7 G (|, 1). 
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Proof. The vertices of the Fano polytope of B3 is 




This toric Fano manifold has a symmetry which permutes {q^^\q^^^} and 
permutes {q^'^\ Q^^^}: then it is contained in Wi and N^^'^^^ is generated by 
a vector (1,1,0). The vertices of the polytope P* is 




From ([10]), we find that Pkrs = 1,0), where /3 > 0. The vertex of P 

contained in int{st{x{— Pk Rs))) is {q^^^}, which represents the exceptional 
divisor. Then, Corollary 13.31 implies that the support of the KRF-MIS of 
exponent 7 is the exceptional divisor where 7 is strictly smaller than 1 and 
sufficiently close to 1. Its complex singularity exponent is |. Therefore the 
proof is completed. □ 

Example 4.7. Let Ci be F„i^„i{0 0(1, 1)). The support of the KRF- 
MIS on Ci of exponent 7 is S^o for 7 G (|, 1) . Here S^o is the divisor defined 
by a section (0, ai (8'(T2) 0/000(1,1) over CF^xCF^ and ai is the pull-back 
of the section of Oj^pi (1) with respect to the i-th projection CP^ x CP"^ CF^ . 
Remark that Soo is not an exceptional divisor. 

Proof. The vertices of the Fano polytope of X is 

(V'WWWW\V'^) = 




This toric Fano manifold has a symmetry which permutes {q^^^ , q^^^ , q^^^ , q^^^}, 
then it is contained in Wi and N^^*^^^ is generated by a vector (0, 0, 1). The 
vertices of the polytope P* is 




From (gOD, we find that Pkrs = /3(0,0, 1), where /? > 0. The vertex of 
P contained in int{st{x{—(3KRs))) is {q^^^}, which represents S^q. Then, 
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Corollary 13.31 implies that the support of the KRF-MIS of exponent 7 is 
where 7 is strictly smaller than 1 and sufficiently close to 1. Its complex 
singularity exponent is ^. Therefore the proof is completed. □ 

Example 4.8. LetCi be (CF^jjCP^) xCPS which is the blow up o/CP^xCP^ 
along {point} x CP"*^ . The support of the KRF-MIS on C4 of exponent 7 is 
the exceptional divisor of the blow up for 7 G 1). 

Proof. The vertices of the Fano polytope of C4 is 

/ -1-11 \ 

(V'),V'WWWW^)= 0-101-1. 

\1 -1 0/ 

This toric Fano manifold has a symmetry which permutes {q^^\q^'^^} and 
permutes {q'^'^Kq^^^}, then it is contained in Wi and A'j^^''"''' is generated by 
a vector (-1,-1,0). The vertices of the polytope P* is 

-1 2 -1 -1 2 -1 \ 
-12-12-12-12. 

1 1 1 1 -1 -1 -1 -1 / 

From (001), we find that Pkrs = /?(-!, -1, 0), where /5 > 0. The vertex of P 

contained in int{st{x{—j3KRs))) is {9^^^}, which represents the exceptional 
divisor. Then, Corollary 13.31 implies that the support of the KRF-MIS of 
exponent 7 is 5oo where 7 is strictly smaller than 1 and sufficiently close to 1. 
Its complex singularity exponent is ^. Therefore the proof is completed. □ 

Next we consider a (CP'^tj2CP^)-bundle £1 over CP^. This manifold is 
derived as follows. Let Eq be its exceptional divisor of the blow up vr : — > 
CP^ along a curve 

Fo := {[zq] zi : : 0] G CP^ I Zi G C} ~ CP\ 

Let Fi and F2 are the two (Te-fixed) curves which are reduced to Fq under 
vr. Then £1 is constructed from the blow up of B'i along Fi and F2. Let £^0 
be the proper transform of Eq and Ui=i^2-E'i be the exceptional divisors with 
respect to the blow up of . Remark that Eq is not exceptional in £1 . 

Example 4.9. Let £1 be a {CF^]^,2CF^)-bundle over CP^ defined as above. 
The support of the KRF-MIS on £1 of exponent 7 is 

EoU{Ui=i,2Ei) /or7G(i,l) 
k /or7G(i,i). 
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Proof. The vertices of the Fano polytope of £i is 

/ 1 -1 11 \ 

(V'WWWWW\V'))= 11 -10 1 

\00 01 -1 / 

This toric Fano manifold has a symmetry which permutes {q^'^\q^^^} and 
permutes {q^^\q^''^^}, then it is contained in Wi and A'j^''^^^ is generated by 
a vector (1,1,0). The vertices of the polytope P* is 

0-1-1110-1-11 1 \ 
11-1-10 1 1-1-10. 
1 3 10-1-1-1-1-1/ 

From (liOll . we find that (iRRS = /9(l)li0), where /? > 0. The vertices of 
P contained in int{st{x{—l3KRs))) are {q^^\q^'^\q^^'>^. Remark that {9^^^} 
represents Eq and represents {£'i,£^2}- Then, Corollary [3i3] im- 

plies that the support of the KRF-MIS of exponent 7 is the sum of Eq, Ei 
and E2 where 7 is strictly smaller than 1 and sufficiently close to 1. Their 
complex singularity exponents are 

i for^i, E2 
i for Eq. 

Therefore the proof is completed. □ 

Example 4.10. Let £3 be (CP^tj2CP^) x CP\ which is the blow up o/CP^ x 
CP^ X CP^ along {pi} x {^2} x CP^ The support of the KRF-MIS on £3 of 
exponent 7 is 

j utoE, /or7G(i 1) 
\ Eo /or7G(f,i). 

Here Eq denotes the exceptional divisor of the blow up and Ei (resp. E2) 
denotes the proper transform o/CP"*^ x {^2} x CP^ (resp. {pi} x CP^ x CP^j 

Proof. The vertices of the Fano polytope of £3 is 

/ 1 -1 10 \ 

(V'WWWWWW^)= 11 -100 . 

\00 01-1/ 
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This toric Fano manifold has a symmetry which permutes {q^'^\q^^^} and 
permutes {q'^^Kq^'^^}, then it is contained in Wi and A'j^^^^'' is generated by 
a vector (1,1,0). The vertices of the polytope P* is 

0-1-1110-1-11 1 \ 
11-1-10 1 1-1-10. 
11 1 11-1-1-1-1-1/ 

From (00]), we find that (3krs = /9(l)li0), where /? > 0. The vertices of 
P contained in int{st{x{—(5KRs))) are {q^^\q^'^\q^^^}. Remark that {q^^^} 
represents Eq and {q^'^\q^^^} represents {Ei,E2}. Then, Corollarv 13.31 im- 
phes that the support of the KRF-MIS of exponent 7 is the sum of Eq, Ei 
and E2 where 7 is strictly smaller than 1 and sufficiently close to 1. Their 
complex singularity exponents are 

r i for^i, E2 
1 I for^o 

Therefore the proof is completed. □ 

Finally let us consider a (Cp2tj3CP^)-bundle J^2 over CF^ Let Eq, Ei 
{i = 0, 1, 2), Fq, and Fi {i = 1, 2) be as in Example 14. 9i Let n : £1 ^ B3 he 
the blow up of S3 along Fi and Fg. Let F3 be the CP^ in CP^ defined by 

Fs:={[0:0: Z3;z4]\ Zi^C}. 

The manifold J-2 is constructed from the blow up of £1 along the curve 

7f~-'^(7r~^(F3)). Let Eq be the proper transform of Eq with respect to the 

blow up of £1 along the curve 7r"^(7r^^(F3)). Remark that Eq is not an 
exceptional divisor. 

Example 4.11. Let ^2 be a {CF'^pCF'^) -bundle over CF'^ defined as above. 
The support of the KRF-MIS on T2 of exponent 7 is Eq for 7 G 1). 

Proof. The vertices of the Fano polytope of J^2 is 

/ 1 -1 -1 1 1 \ 
(*(Z«,V'WWWWWW))= Oil 0-1-100. 

VOOO 1-1/ 
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This toric Fano manifold has a symmetry which permutes {q^'^\q^^^} and 
permutes {g^^-*, q^^^}, then it is contained in Wi and N^^'^'^^ is generated by 
a vector (1,0,0). The vertices of the polytope P* is 

10-1-1011 0-1-10 1 \ 
110-1-101 1 0-1-10. 
12 2 10-1-1-1-1-1-1/ 

From (gOD, we find that (3krs = /3(1,0,0), where P > 0. The vertex of 

P contained in int{st{x{—(3KRs))) is {q^^^}, which represents Eq. Then, 
Corollary 13.31 implies that the support of the KRF-MIS of exponent 7 is 
where 7 is strictly smaller than 1 and sufficiently close to 1. Its complex 
singularity exponent is \. Therefore the proof is completed. □ 

By the similar calculation as Example 14.61 find 

Example 4.12. Let Xk he the blow up of CF"^ along CF'' , where < k < 
n — 2. The support of the KRF-MIS of complex singular exponent 7 is the 
exceptional divisor for 7 G i]^, !)■ 
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